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The main result of this paper is the sharp generalized Schwarz–Pick inequality for
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with respect to the Poincaré distance and an analogue of the Koebe theorem for this class
of mappings.
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1. Introduction
Let Ω and Ω ′ be two simply connected domains of hyperbolic type in the complex plane C . A C2 sense-preserving
homeomorphism f of Ω onto Ω ′ is said to be euclidean harmonic if it satisﬁes the equation
 f = 4 f zz¯ = 0. (1.1)
If a euclidean harmonic mapping is also quasiconformal then we call it a euclidean harmonic quasiconformal mapping. For
a survey of euclidean harmonic mappings, see [6].
Let λΩ and λΩ ′ be the hyperbolic metric densities of Ω and Ω ′ with gaussian curvatures −4, respectively. The well-
known Schwarz–Pick lemma says that if f is an analytic function of Ω into Ω ′ , then the following inequality
λΩ ′ ◦ f
λΩ
∣∣ f ′∣∣ 1 (1.2)
holds for all z ∈ Ω (see [1]). The inequality (1.2) is called the Schwarz–Pick inequality and the equality holds for a conformal
mapping f of Ω onto Ω ′ .
Since the Schwarz–Pick inequality is a both basic and important tool in the theory of complex analysis, there are many
versions of its generalizations. For example, Yau [20] generalized it to holomorphic mappings between certain manifolds.
Beardon and Minda [3] obtained a multipoint version of the inequality. The version for higher-order derivatives was derived
by MacCluer, Stroethoff and Zhao [14], and Dai and Pan [5].
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‖∂ f ‖ = λΩ ′ ◦ f
λΩ
| f z|,
and
L f = | f z| + | f z¯|, l f = | f z| − | f z¯|.
For a quasiconformal mapping f , the following inequality
a ‖∂ f ‖ b (1.3)
is called its generalized Schwarz–Pick inequality, where a and b are two nonnegative constants.
Let Ωi (i = 0,1,2) be three simply connected domains of hyperbolic type in C . If f is a euclidean harmonic quasicon-
formal mapping of Ω1 onto Ω2 and ϕ is a conformal mapping of Ω0 onto Ω1 then f ◦ ϕ is also a euclidean harmonic
quasiconformal mapping. Let λΩi (i = 0,1,2) denote the hyperbolic metric density of Ωi with gaussian curvature −4. We
have
∥∥∂( f ◦ ϕ)∥∥= λΩ2( f ◦ ϕ(ζ ))
λΩ0(ζ )
∣∣( f ◦ ϕ)ζ ∣∣= λΩ2( f (z))
λΩ1(z)
| f z| = ‖∂ f ‖, (1.4)
where z = ϕ(ζ ). Hence we always ﬁx the domain of a euclidean harmonic quasiconformal mapping to be the unit disk D
when studying its generalized Schwarz–Pick inequality.
Since it is important but diﬃcult to obtain the sharpness of a generalized Schwarz–Pick inequality, among its numerous
generalizations one usually builds one inequality ﬁrst and then improve it gradually until we achieve the sharp one.
In order to study Schoen conjecture [17], Wan [18] ﬁrst built the generalized Schwarz–Pick inequality for the class of
hyperbolic harmonic quasiconformal mappings (see [18,7] or [8] for deﬁnition) as follows.
Theorem A. If f is a hyperbolic harmonic K -quasiconformal mapping of the unit disk D onto itself, then it follows that
1 ‖∂ f ‖√K .
Yao [19] improved the above inequality as 1 ‖∂ f ‖√(K + 1)/2. The ﬁrst author of this paper gave a better estimate
that 1 ‖∂ f ‖ (K + 1)/2√K (see [4]), but its sharp upper bound is still unknown.
Recently, in order to study the property of quasi-isometry of the class of euclidean harmonic quasiconformal mappings
of the unit disk onto itself, Knez˘evic´ and Mateljevic´ [11] studied its generalized Schwarz–Pick inequality and showed
Theorem B. If f is a euclidean harmonic K -quasiconformal mapping of the unit disk D onto itself then the following inequality
K + 1
2K
 ‖∂ f ‖ K + 1
2
, (1.5)
holds for every z ∈ D.
For a euclidean harmonic quasiconformal mapping f and a conformal mapping ϕ , their composite mapping ϕ ◦ f rarely
preserves the harmonicity. Hence we cannot ﬁx the range of a euclidean harmonic quasiconformal mapping to be the unit
disk when studying its generalized Schwarz–Pick inequality. Naturally, we pose the following
Question 1.1. Does the generalized Schwarz–Pick inequality (1.5) still hold for euclidean harmonic quasiconformal mappings
with other ranges than the unit disk? Is the inequality (1.5) sharp for euclidean harmonic quasiconformal mappings?
The main result of this paper is to answer the above question aﬃrmatively for euclidean harmonic quasiconformal
mappings with convex ranges (see Theorem 2.1). The main technique of its proof is to combine the Ahlfors–Schwarz lemma
and its opposite type given by Mateljevic´ [13] with a property of domain constants given by Harmelin [9].
Next, we give two applications of this generalized Schwarz–Pick inequality. First is to show that the class of euclidean
harmonic quasiconformal mappings with convex ranges are (1/K , K )-quasi-isometries with respect to the Poincaré distance
(see Theorem 2.2). Another is to obtain an analogue of the Koebe theorem for euclidean harmonic quasiconformal mappings
with convex ranges (see Theorem 3.1).
At last, we give two examples that the generalized Schwarz–Pick inequality (1.5) no longer holds for two classes of eu-
clidean harmonic quasiconformal mappings with ranges only convex in the horizontal direction (see Examples 4.1 and 4.2).
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In order to study the generalized Schwarz–Pick inequality for a euclidean harmonic quasiconformal mappings of D onto
a convex domain, we need the following lemmas.
Mateljevic´ [13] proved an inequality of opposite type of the well-known Ahlfors–Schwarz lemma.
Lemma A. If ρ > 0 is a C2 metric density on D for which the gaussian curvature satisﬁes Kρ −4 and if ρ(z) tends to +∞ when |z|
tends to 1− , then λD  ρ .
Harmelin [9] proved
Lemma B. A hyperbolic domain Ω in C is convex if and only if its hyperbolic metric λΩ(z) |dz| satisﬁes the differential inequality∣∣∣∣ ∂∂z logλΩ(z)
∣∣∣∣ λΩ(z), z ∈ Ω, (2.1)
and if it holds then we also have
∣∣∣∣ ∂
2
∂z2
logλΩ(z)
∣∣∣∣ λ2Ω(z), z ∈ Ω. (2.2)
Kalaj [10] obtained
Lemma C. Let Ω be a convex domain in C . If f is a euclidean harmonic K -quasiconformal mapping of the unit disk onto Ω , satisfying
f (0) = a, then
| f z| 1
2(1+ k) δΩ, z ∈ D, (2.3)
where δΩ = d(a, ∂Ω) = inf{| f − a|: f ∈ ∂Ω} and k = K−1K+1 .
Now we will give our main result of this paper and answer Question 1.1 aﬃrmatively for euclidean harmonic quasicon-
formal mappings with convex ranges.
Theorem 2.1. Let Ω be a simply connected convex domain of hyperbolic type in C . If f is a euclidean harmonic K -quasiconformal
mapping of the unit disk D onto Ω , then the inequality
K + 1
2K
 ‖∂ f ‖ K + 1
2
(2.4)
holds for every z ∈ D. Moreover, both the upper and lower bounds are sharp.
Proof. Let σ(z) = (1 − k)λΩ( f (z))| f z|, z ∈ D , where λΩ |dw| is the hyperbolic metric of Ω . Since f is euclidean harmonic
in D , we have that f z is holomorphic in D (see [6]). By Lewy’s theorem [12] it follows that f z does not vanish and hence
log | f z| is harmonic in D . Thus we obtain
( logσ)(z) = 4(logλΩ ◦ f )zz¯(z)
= 4{((logλΩ)ww¯ ◦ f )(| f z|2 + | f z¯|2)+ 2	[((logλΩ)ww ◦ f ) f z f z¯]}. (2.5)
Let k = (K − 1)/(K + 1). By the assumption that f is also K -quasiconformal we have
|μ| = | f z¯/ f z| k. (2.6)
From Lemma B together with (2.5) and (2.6) we get
Kσ = − logσ
σ 2
= − 4
(1− k)2
{
 logλΩ
4(λΩ)2
◦ f | f z|
2 + | f z¯|2
| f z|2 + 2	
[
(logλΩ)ww
(λΩ)2
◦ f f z¯
f z
]}
− 4
2
(
1+ |μ|2 − 2|μ|)= −4 (1− |μ|)2
2
−4.(1− k) (1− k)
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‖∂ f ‖ = λΩ ◦ f
λD
| f z| K + 1
2
.
Hence the upper bound of the inequality (2.4) holds.
Let Ω be the upper-half plane H . If F = Ku + iv , w = u + iv ∈ H and L is a conformal mapping of D onto H , then F ◦ L
is a euclidean harmonic K -quasiconformal mapping of D onto H and F satisﬁes
‖∂ F‖ = λH ◦ F
λH
|Fw | = K + 1
2
.
Hence, by (1.4) we know that the upper bound of (2.4) is sharp.
Next we will prove the left inequality of (2.4). Let η = (1+ k)λΩ ◦ f | f z|. Similarly, Lemma B, (2.5) and (2.6) imply that
Kη = − logη
η2
= − 4
(1+ k)2
{
 logλΩ
4(λΩ)2
◦ f | f z|
2 + | f z¯|2
| f z|2 + 2	
[
(logλΩ)ww
(λΩ)2
◦ f f z¯
f z
]}
− 4
(1+ k)2
(
1+ |μ|2 + 2|μ|)= −4 (1+ |μ|)2
(1+ k)2 −4.
With Lemma C we have that η tends to +∞ when |z| tends to 1− . Thus by Lemma A we know that η λD , that is,
‖∂ f ‖ = λΩ ◦ f
λD
| f z| K + 1
2K
.
Let G = (1/K )u + iv , w = u + iv ∈ H . Then G ◦ L is a euclidean harmonic K -quasiconformal mappings of D onto H and
G satisﬁes
‖∂G‖ = λH ◦ G
λH
|Gw | = K + 1
2K
.
Hence, by (1.4) we know that the lower bound of (2.4) is sharp. Thus the proof of Theorem 2.1 is complete. 
Remark. Bañuelos and Carroll [2] deﬁned a stretching TK (z) = z + (K − 1)π(z), where π is the orthogonal projection onto
a line L through the origin in the complex plane. If L is the real axis, then TK (z) = Kx + iy. Bañuelos and Carroll (see
[2, Theorem 1.1]) proved that if Ω is a convex domain in the plane then for each z ∈ Ω ,
λΩ(z) λTK (Ω)
(
TK (z)
)
, (2.7)
λΩ(z) KλTK (Ω)
(
TK (z)
)
. (2.8)
Write AK = Kx+ iy. Let θ0 be the angle of L then TK (z) = eiθ0 AK (e−iθ0 z). It is known that a hyperbolic metric is a confor-
mal invariant and a rotation transformation is a conformal mapping. Thus the restriction that TK = AK is without loss of
generality when we verify (2.7) and (2.8). Hence by the fact that AK is a euclidean harmonic K -quasiconformal mapping
and Theorem 2.1 also holds for an arbitrary convex domain, the inequality (2.4) implies that (2.7) and (2.8) hold.
As an application of the generalized Schwarz–Pick inequality given by Theorem 2.1, we have
Theorem 2.2. Let f be a euclidean harmonic K -quasiconformal mapping of the unit disk onto a convex domain. Then f is (1/K , K )-
quasi-isometry with respect to the Poincaré distance.
Proof. Let dh denote the hyperbolic distance. Let γ be the hyperbolic geodesic between z1 and z2, where z1 and z2 are two
arbitrary points in D . Then it follows∫
f (γ )
λΩ( f ) |df |
∫
γ
λΩ
(
f (z)
)
L f (z) |dz| 2KK + 1
∫
γ
λΩ( f (z))| f z(z)|
λD(z)
λD(z) |dz|.
By the right inequality of (2.4) and the deﬁnition of a hyperbolic geodesic, we obtain from the above inequality that
dh
(
f (z1), f (z2)
)

∫
f (γ )
λΩ( f ) |df | K
∫
γ
λD(z) |dz| = Kdh(z1, z2).
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dh
(
f (z1), f (z2)
)=
∫
f (γ )
λΩ( f ) |df | 1
K
∫
γ
λD(z) |dz| 1
K
dh(z1, z2).
Thus the proof of Theorem 2.2 is complete. 
3. Koebe theorem for euclidean harmonic quasiconformal mappings with convex ranges
Let δΩ(z) denote the distance from z ∈ Ω to the boundary of Ω . When f (D) is a convex domain, the well-known Koebe
theorem is improved as follows.
Theorem C. (See [16].) If f (z) is analytic and convex in D then
1
2
(
1− |z|2)∣∣ f ′(z)∣∣ δΩ( f (z)) (1− |z|2)∣∣ f ′(z)∣∣,
where Ω = f (D). Particularly, if f satisﬁes that f (0) = 0 and f ′(0) = 1 then
1
2
 δΩ(0) 1.
Next we will give another application of Theorem 2.1 to obtain an analogue of the Koebe theorem for euclidean harmonic
quasiconformal mappings with convex ranges.
Theorem 3.1. If f is a euclidean harmonic K -quasiconformal mappings of the unit disk D onto a convex domain Ω ⊂ C then
1
2K
L f (z)
λD(z)
 δΩ
(
f (z)
)
 K l f (z)
λD(z)
. (3.1)
Particularly, if Ω is the upper-half plane H then
1
2K
L f (z)
λD(z)
 δH
(
f (z)
)
 K
2
l f (z)
λD(z)
, (3.2)
and the inequality is sharp for every z ∈ D.
Proof. Using the right inequality of (2.4) we have
λΩ( f (z))
λD(z)
L f (z)
2K
K + 1
λΩ( f (z))
λD(z)
| f z| K . (3.3)
By a result of Mejia and Minda that if Ω is convex then δΩ(z)λΩ(z) 1/2 (see [15]), it follows from (3.3) that
1
2K
L f (z)
λD(z)
 δΩ
(
f (z)
)
.
From the left inequality of (2.4) we obtain
λΩ( f (z))
λD(z)
l f (z)
2
K + 1
λΩ( f (z))
λD(z)
| f z| 1
K
. (3.4)
Since it is true that δΩ(z)λΩ(z) 1 (see [1, Theorem 1.11]), it follows from the above inequality
δΩ
(
f (z)
)
 K l f (z)
λD(z)
.
Particularly, if Ω is the upper-half plane H then it is clear that λH (z)δH (z) = 1/2. Hence, from (3.3) and (3.4) we get
that
1
2K
L f (z)
λD(z)
 δH
(
f (z)
)
 K
2
l f (z)
λD(z)
.
Let F = −2z/|1− z|2 + i(1− |z|2)/(K |1− z|2), z ∈ D . Then F is a euclidean harmonic K -quasiconformal mapping of D
onto H . We have
λD(z) = 1 2 , LF (z) =
2
2
, δH
(
F (z)
)= F (z) = 1− |z|2
2
.1− |z| |1− z| K |1− z|
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LF (z)
2KλD(z)
= 1− |z|
2
K |1− z|2 = δH
(
F (z)
)
.
Hence, the left inequality of (3.2) is sharp for every z ∈ D .
Similarly, let G = −2z/|1 − z|2 + i(K (1 − |z|2))/(|1 − z|2), z ∈ D . Hence, G is a euclidean harmonic K -quasiconformal
mapping of D onto H . One can easily verify that the equality of the right inequality of (3.2) holds for the mapping G . Thus,
the left inequality of (3.2) is sharp for every z ∈ D . The proof of Theorem 3.1 is complete. 
4. Auxiliary examples
In this section we ﬁrst give two classes of euclidean harmonic quasiconformal mappings with non-convex ranges such
that the generalized Schwarz–Pick inequality (2.4) does not hold (see Examples 4.1 and 4.2).
Example 4.1. Let Ω = C − [0,+∞) and λΩ be its hyperbolic metric density with gaussian curvature −4. Then
λΩ(z) |dz| = i
2(
√
z − √z )|√z|
|dz|.
Suppose that AK = Kx + iy, K > 1. Then AK is a euclidean harmonic K -quasiconformal mapping of Ω onto itself and
satisﬁes the inequality
‖∂ AK‖ = λΩ ◦ AK
λΩ
∣∣(AK )z∣∣> K + 1
2
(4.1)
when x > 0, y > 0.
Proof. Let z = x+ iy. If x > 0, y > 0, then
λΩ ◦ AK
λΩ
=
√
1+ (y/x)2√
K 2 + (y/x)2
sin( arctan(y/x)2 )
sin( arctan(y/(Kx))2 )
. (4.2)
Let f (K , t) = √K 2 + t2 sin( arctan t/K2 ). Then for every ﬁxed t ∈ (0,∞), the function f (K , t) decreases strictly in K . Thus the
quantity λΩ◦AK
λΩ
increases strictly in K , that is
λΩ ◦ AK
λΩ
> 1
for K ∈ (1,∞), x > 0 and y > 0. By the fact that (Ak)z = (K + 1)/2, it follows the inequality (4.1) holds when x > 0 and
y > 0. 
Example 4.2. Suppose Ω and λΩ are the same as in Example 4.1. If BK = (1/K )x + iy, K > 1 then BK is a euclidean
harmonic K -quasiconformal mapping of Ω onto itself and satisﬁes the inequality
‖∂BK‖ = λΩ ◦ BK
λΩ
∣∣(BK )z∣∣< K + 1
2K
when x > 0, y > 0.
The following two examples show that without additional conditions, the generalized Schwarz–Pick inequality (2.4) does
not hold generally for quasiconformal mappings.
Example 4.3. Suppose that f = z|z|1/K−1, K > 1. Then f is a K -quasiconformal mapping of the unit disk D onto itself and
lim
z→0‖∂ f ‖ = limz→0
1− r2
1− r2/K
(1/K + 1)|z|1/K−1
2
= ∞. (4.3)
Example 4.4. Suppose that f = z|z|K−1, K > 1. Then f is a K -quasiconformal mapping of the unit disk D onto itself and
lim
z→0‖∂ f ‖ = limz→0
K + 1
2
1− r2
1− r2K r
K−1 = 0. (4.4)
Problem. For a euclidean harmonic K -quasiconformal mapping f of D onto Ω , are there different bounds of ‖∂ f ‖ in K
when Ω is starlike or simply connected?
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